We show that photons propagating through a Rydberg-dressed atomic ensemble can exchange its spin state with a single atom. Such a spin-exchange collision exhibits both dissipative and coherent features, depending on the interaction strength. For strong interaction, the collision dissipatively drives the system into an entangled dark state of the photon with an atom. In the weak interaction regime, the scattering coherently flips the spin of a single photon in the multi-photon input pulse, demonstrating a generic single-photon subtracting process. An analytic analysis of this process reveals a universal trade-off between efficiency and purity of the extracted photon, which applies to a wide class of single-photon subtractors. We show that such a trade-off can be optimized by adjusting the scattering rate under a novel phase-matching condition.
We show that photons propagating through a Rydberg-dressed atomic ensemble can exchange its spin state with a single atom. Such a spin-exchange collision exhibits both dissipative and coherent features, depending on the interaction strength. For strong interaction, the collision dissipatively drives the system into an entangled dark state of the photon with an atom. In the weak interaction regime, the scattering coherently flips the spin of a single photon in the multi-photon input pulse, demonstrating a generic single-photon subtracting process. An analytic analysis of this process reveals a universal trade-off between efficiency and purity of the extracted photon, which applies to a wide class of single-photon subtractors. We show that such a trade-off can be optimized by adjusting the scattering rate under a novel phase-matching condition.
Achieving strong light-atom interaction at the singleparticle level represents a long-standing goal in quantum optics [1] . Realizing this goal will not only enable one to test fundamental physics in quantum electrodynamics (QED) [2] [3] [4] [5] [6] , but also facilitate meaningful applications of quantum communication [7] [8] [9] , simulation [10] [11] [12] [13] , and metrology [14] [15] [16] . As a promising approach, interfacing photons with Rydberg atoms [17] via electromagnetically induced transparency (EIT) [18] has attracted much attention in recent years [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . To date, a host of interaction processes have been established with this approach, e.g., a single atomic excitation can block the transmission of a single photon [19] [20] [21] [22] [23] , imprint a global phase onto a single photon [25] [26] [27] , reflect a single photon [30] , or exchange its position with a single photon [29, 31] .
In this Letter, we establish a different type of atomphoton interaction in the Rydberg EIT system, with which a single photon can exchange its spin state with a single atom. It is achieved by coupling photons to an atomic ensemble that interacts with a single control atom via Rydberg dressing [32, 33] . We show that under suitable conditions, the scattering dynamics can be tuned from dissipative to coherent. In the dissipative regime, the system evolves robustly into an entangled dark state of a photon and the control atom. For coherent scattering, the dynamics maps to a model of generic singlephoton subtraction, whose solution reveals a universal trade-off between efficiency and purity of the subtracted single photon, and yields a phase-matching condition for optimizing its performance.
The system we study is illustrated in Fig. 1(a) , where the input photon carries photonic spin (polarization) and can exchange its state with the pseudo-spin (internal state) of the control atom. This atom-photon spinexchange interaction is mediated by an atomic ensemble, which strongly interacts with both the photon and the control atom [34] [35] [36] . The level structure shown in Fig. 1(b) helps to realize such an interaction. A photon propagates in an atomic ensemble via two distinct EIT processes [37, 38] : the left circularly polarized (pseudospin up) photonic fieldÊ ↑ (r) forms a Rydberg EIT involving the ground state |g , the intermediate state |e − , and the Rydberg state |r ; while the right circularly polarized (pseudo-spin down) photonic fieldÊ ↓ (r) participates in a Λ-type EIT formed by |g , |e + , and another ground state |s . In addition, state |s is dressed to Rydberg state |r for both the control atom and ensemble atoms.
It is shown in Ref. [33] that the above dressing scheme induces an effective spin-exchange interactionV ex between atoms in |s and |r . At low photon density, interactions between ensemble atoms are negligible, such thatV ex = i U (r i )σ rsσ i sr + H.c. just describes the spinexchange between the control atom (σ µν = |µ ν|) and each i-th atom (σ i µν ) in the ensemble. Since most ensem- ble atoms are in the ground state |g ,V ex actually describes the spin-exchange between the control atom and a collective excitation (spin-wave) in the atomic ensemble [ Fig. 1(c) ], i.e.,V ex = drU (r)σ rsΣ † gs (r)Σ gr (r)+H.c., whereΣ gµ (r) denotes the spin-wave field operator for the collective excitation in state |µ [39] . With the above EIT configuration, the spin-wave fieldΣ gr (r) is coupled to the photonic fieldÊ ↑ (r) to form a dark state polariton (DSP), whileΣ gs (r) is coupled toÊ ↓ (r) to form another DSP. In this way,V ex maps to the exchange interaction between the control atom and the photonic field.
The exchange interaction takes the form U (r) = U 0 /[1 + (|r|/R c ) 6 ], where the strength U 0 = Ω 2 /∆ is determined by the Rabi frequency Ω and the detuning ∆ of the dressing field (Ω ∆), and the effective range is R c = (C 6 /∆) 1/6 with C 6 the van der Waals (vdW) interaction coefficient between atoms in state |r [33] . It does not need one to tune near a Föster resonance and can be conveniently controlled by the dressing field. Furthermore, the dressing scheme adopted here suppresses the unwanted direct interaction (∼ Ω 4 /∆ 3 ) between input photons in modeÊ ↓ . These desirable features as well as other details are compared to the off-diagonal vdW interaction scheme in the Supplemental Material [39] .
Single-photon scattering.-First, we consider the interaction between the control atom and a single photon propagating along z-direction. Neglecting the decoherence of the Rydberg state, the input/output state in the one-dimensional (1D) case can be expressed as
where |0 denotes the vacuum state for photons, and |↑ a = |r , |↓ a = |s represent two internal states of the control atom. The spatiotemporal feature of the photon is described by the wavefunction E µν (z, t) = ν| a 0|Ê µ (z)|ψ(t) . The output state of the system is determined by the dynamics inside the atomic ensemble z ∈ [0, L], where the spin-wave field needs to be taken into consideration. Let P ↓↑ , S ↓↑ , P ↑↓ , and S ↑↓ describe the collective excitation in state |e + , |s , |e − , and |r , respectively [40] . Then the evolution of the wavefunction ψ(z, t) = (E ↓↑ , P ↓↑ , S ↓↑ , E ↑↓ , P ↑↓ , S ↑↓ ) T is governed by i∂ t ψ = Hψ [39] with
where g p and 2γ are the collective atom-photon coupling constant and the linewidth of the |g −|e ± transition, re-spectively, Ω ↑ (Ω ↓ ) denotes the control field for the Rydberg (Λ-type) EIT, and U (z) = U 0 /[1+( z 2 + r 2 ⊥ /R c ) 6 ] is the potential. In the frequency (ω) domain, we have
where the susceptibilities χ ↓ and χ ↑ come from the dressing induced diagonal interaction, while κ describes the spin-exchange coupling between states |↓ p ⊗ |↑ a and |↑ p ⊗ |↓ a . For the input state |↓ p ⊗ |↑ a , the solution to Eq. (3) can be written as
where v µ = cΩ 2 µ /g 2 p (µ =↑, ↓) is the photon group velocity in the slow-light regime, and
is the effective potential. In this case, the scattering coefficients
For L > 4R c and r ⊥ < R c , the complex phase factor is simply given by
p R c /γc denotes the effective optical depth. When the interaction strength U 0 is comparable to the EIT linewidth Ω 2 ↑ /γ or Ω 2 ↓ /γ, the ratio ξ is large. Consequently, both V(z) and φ have a large imaginary part. In this dissipative interacting regime, as OD c increases, the photon loss probability rapidly grows. However, Eq. (3) possesses an eigen state free from dissipation, such that as OD c increases further, the loss rate saturates, and the system eventually evolves into this dark
. Thus, such a dissipative spin-exchange collision can be used for robust generation of atom-photon entanglement. If the interaction strength is much smaller than the EIT linewidth, i.e., ξ 1, the effective potential V(z) ≈ U (z) is essentially real and the imaginary part of φ is largely suppressed. In this case, as OD c increases, the system undergoes a coherent oscillation between |↓ p ⊗ |↑ a and |↑ p ⊗ |↓ a [ Fig. 2 
We calculate the scattering coefficients for a finite beam width w < R c [31] [see Figs. 2(a) and 2(b)], and find nice agreement with the results predicted by the 1D model.
We now focus on the coherent scattering process. When dissipations are negligible as in this case, the propagation of photons inside the atomic ensemble can be described by DSP fields [41] Ψ ↑ (z) = cos θ ↑Ê↑ (z) − sin θ ↑Σgr (z) andΨ ↓ (z) = cos θ ↓Ê↓ (z) − sin θ ↓Σgs (z) with tan θ µ = g p /Ω µ . As verified by Figs. 2(c)-2(f), for frequency components well within the EIT bandwidth, the dynamics inside the medium can be described by the following Hamiltonian
whose first line denotes the photon kinetic energy, and the second (third) line represents the density (spinexchange) interaction between the photon and the atom. The single-photon scattering elucidated above can be used as a building block in quantum networks. At small OD c , the induced atom-photon entanglement can be further purified to establish quality entanglement between distant atoms [39] . Unlike the DLCZ protocol [42] , the entanglement we discuss here refers to polarization bases instead of Fock space, so that photon-number resolved detectors are not required, and the system is insensitive to interferometric instabilities [8, 43] . At large OD c that gives φ = π/2, the spin-exchange collision leads to a direct mapping between atomic and photonic states if Ω ↑ = Ω ↓ , i.e., |↓ p ⊗(α|↓ +β|↑ ) a ↔ (α|↓ −β|↑ ) p ⊗|↓ a , which facilitates quantum state transfer in a network.
Multi-photon scattering.-Next, we consider coherent spin-exchange collisions [governed by Eq. (5)] between the control atom and an input pulse containing n identical photons. Here, we focus on the limit of a long input pulse with a duration ∆t nR c /v µ . In this low-photondensity regime, photons rarely interact with the control atom at the same time, which allows us to obtain an analytical form for the output state based on single-photon scattering coefficients, without numerically solving the multi-photon Schrödinger equation based on Eq. (5).
Assuming the n incoming photons are in the spin-down state with a real temporal wavefunction h(t) normalized as dth 2 (t) = 1 and the control atom is initially spin-up, the input state of the system is given by (taking c = 1)
where time ordering for the input photons is introduced [44] . For coherent spin-exchange collisions governed by Eq. (5), the total magnetizationσ ↑↑ + dzΨ † ↑ (z)Ψ ↑ (z) = 1 is conserved, which implies that at most one of the photons can be scattered to flip its spin state. At low photon density, photons interact with the atom one after the other, i.e., if a photon propagates through the medium without exchanging its state with the atom, the next photon still has a probability to do so; but once the exchange occurs, the remaining photons will keep their spin states. In this way, the output state is given by
where |ψ in (t − τ ) corresponds to the situation in which no spin-exchange occurs, while |ψ m (t) denotes the event that the spin-exchange is between the control atom and the m-th photon in the pulse, given by
with τ and τ the EIT-induced delay time for spin-up and spin-down photons in the atomic ensemble, respectively. In fact, the spin-exchange collision here can be viewed as a heralded single-photon subtractor: a single-photon is subtracted from modeÊ ↓ and added to modeÊ ↑ , conditioned on the spin-flip of the control atom. In contrast to previous schemes [45, 46] , the single-photon is coherently extracted from the multi-photon pulse here, so it simultaneously behaves as a single-photon source [47, 48] .
Since the extracted single-photon and the remaining n − 1 spin-down photons together constitute a pure state, the performance of such a single-photon subtractor can be measured by either part of the system. Tracing out n − 1 photons in modeÊ ↓ , the reduced density matrix operator for the spin-up single-photon iŝ
The efficiency for scattering a single-photon to spin-up state is found to be η = tr[ρ] = 1−|T | 2n , and the purity of this extracted single-photon is given by P = tr[ρ 2 ]/tr[ρ] 2 , which has an analytical expression
if T = 1 − |R| 2 e iθ is real (i.e., θ = 0, π). For θ = 0, this result proves the fundamental trade-off between efficiency and purity of the single-photon subtraction observed in Ref. [24] : while the decrease of the singlephoton exchange rate |R| 2 reduces the efficiency η, it yields a larger single-photon purity P. The physical origin of this trade-off comes from entanglement between the subtracted single-photon and the remaining n − 1 photons. For a perfect exchange |R| = 1, only |ψ 1 survives in Eq. (6), so the timing for the first photon in modeÊ ↓ carries correlated information about the photon in modeÊ ↑ . This entanglement results in an impure spin-up photon with P = n/(2n − 1), exactly the case discussed in Ref. [44] . In contrast, for |R| 1 (T ≈ 1), each |ψ m in Eq. (6) is almost equally weighted, so the timing of the spin-up photon is uncorrelated with the timings of the n − 1 spin-down photons, i.e., they are not entangled. Therefore, the subtracted photon is almost pure withρ(x, y) ∼ h(x)h(y) and P ≈ 1. To verify the above analysis, we perform numerical simulations for n = 2 based on Eq. (5). As shown in Fig. 3 , the existence of this trade-off is largely confirmed and good agreement with analytical predictions is observed. We note the above discussed trade-off is universal for a wide class of single photon subtractors in the literature [24, [45] [46] [47] [48] , where the arrival order of incoming identical photons is crucial to the output state. Although it prevents the implementation of a perfect single-photon subtraction with η = P = 1 for arbitrary incoming states, it remains possible to achieve high efficiency and purity simultaneously for a large input photon number. To demonstrate this, we consider the scattering of a coherent input state e −|α| 2 /2 n (α n / √ n!)|n with an optimal scattering rate |R opt | 2 that gives η = P. As shown in Fig. 4(a) , both purity and efficiency approach unity as the mean photon number |α| 2 increases.
Finally, we emphasize that to achieve the optimal purity, the phase of T = |T |e iθ needs to be zero, i.e., photons remaining in modeÊ ↓ should acquire the same phase irrespective of whether the spin-exchange hap- pens or not. The monotonic decrease of purity [P ≈ (1 − |T | 2 )/2(1 − |T | cos θ) for |α| 2 1] with the phase mismatch θ [ Fig. 4(b) ] can be understood as follows: the phase (m − 1)θ imprinted on |ψ m in Eq. (6) causes the phase distribution of the spin-up photon strongly correlated with the timing of the remaining photons. In the limit of |T | ≈ 1 and θ = π, the purity P ≈ 1/(2n − 1) is even worse than a perfect exchange, although the probability distributionρ(x, x) ∼ h 2 (x) remains unaltered. Such a phase-matching condition highlights the coherent feature of the single-photon subtraction, which cannot be captured by the Monte Carlo simulation used in Ref. [24] .
In conclusion, we present a scheme to engineer spinexchange interactions between photons and a single atom, and discuss the scattering dynamics for a singlephoton as well as a multi-photon input. Further studies can use some recently developed techniques [50] [51] [52] [53] to address the interesting multi-photon scattering problem beyond the low-photon-density regime, where collective effects will come into play. The system can also be used to perform quantum logic operations, such as single-photon optical switching [54] . Besides facilitating quantum information processing, the spin-exchange collision discussed here opens a new avenue for the study of strong lightatom interactions.
We acknowledge valuable discussions with Alexey Gorshkov, Ron Belyansky, and Lin Li. This supplementary provides technical details of the main text, including: (i) derivation of the atom-photon interaction Hamiltonian (Sec. I); (ii) analysis of the single-photon (Sec. II) and multi-photon scattering dynamics (Sec. III); (iii) considerations for experimental realizations (Sec. IV).
I. DERIVATION OF THE ATOM-PHOTON INTERACTION HAMILTONIAN
In this section, we derive the effective Hamiltonian that governs the atom-photon interacting dynamics. We first consider the interaction between the control atom and ensemble atoms. For the level structure shown in Fig. 1(b 
where V mn = C 6 /|r m − r n | 6 (C 6 > 0) is the van der Walls (vdW) interaction between atoms in Rydberg state |r . In the large detuning regime Ω ∆ = E r − E s − ω L , the dynamics of a single Rydberg excitation can be described bŷ
where δ = Ω 2 /∆ is the linear light shift, and U mn = Ω 2 V mn /[∆(∆ + V mn )] denotes the Rydberg dressing indcued interaction [1] . In the low-photon-density regime, the number of ensemble atoms excited to state |r , |s is much smaller than one, so we can neglect the interaction between ensemble atom themselves and decompose Eq. (2) intô H eff =Ĥ c +Ĥ e +Ĥ ce , whereĤ c ,Ĥ e , andĤ ce describe the Hamiltonian of the control atom, the ensemble atoms, and their mutual interactions, respectively. Dropping the superscript of the control atom and setting its location as the origin of the coordinate, we then obtainĤ c = (E r + δ)σ rr + (E s − δ)σ ss ,Ĥ e = n [(E r + δ)σ n rr + (E s − δ)σ n ss ], andĤ ce = n U (r n ) σ rrσ n ss +σ ssσ n rr + (e −ik·rnσ rsσ n sr + H.c.) . To describe collective excitations of ensemble atoms into state |r , |s , we introduce the collective spin operator Σ µν (r n ) = n∈∆(rn)σ n µν / ρ(r n )∆(r n ) for atoms located within a small volume ∆(r n ) around coarse grained r n with a density ρ(r n ). Then, the state of ensemble atoms in r n piece can be expressed as
with N = ρ(r n )∆(r n ) and |G = |g 1 g 2 · · · g N . In the linear regime where the input photon number per r n cell is much smaller than the corresponding atom N , or most atoms reside in the ground state |g , i.e., j, k N . This makes collective excitations behave as bosonic quasi particles with [Σ gµ (r m ),Σ † gν (r n )] ≈ δ mn δ µν /∆(r n ), [Σ † gµ (r m ),Σ † gν (r n )] = [Σ gµ (r m ),Σ gν (r n )] = 0, andΣ µν (r n ) ≈Σ † gµ (r n )Σ gν (r n )/ ρ(r n ) (µ, ν = r, s). The Hamiltonian involving ensemble atoms can then be expressed in terms of these collective bosonic operators aŝ
H ce = rn ∆(r n )U (r n ) σ rrΣ † gs (r n )Σ gs (r n ) +σ ssΣ † gr (r n )Σ gr (r n ) + e −ik·rnσ rsΣ † gs (r n )Σ gr (r n ) + H.c. .
In the continuous limit ∆(r n ) → 0, the collective spin operators are replaced with bosonic spin-wave field operators satisfying [Σ gµ (r),Σ † gν (r )] ≈ δ(r − r )δ µν , and the summation rn ∆(r n ) is replaced by the integral dr.
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With similar procedures, we obtain the HamiltonianĤ EIT describing the double EIT couplingŝ
whereÊ µ (r) denotes the slowly varying operator for the quantized photonic field, g p is the collective atom-photon coupling constant for a uniform atomic density, and Ω µ denotes the Rabi frequency of the classical control field. We then transform the dynamics into the slowly varying and rotating frame according toÛ =Û ↓Û↑Ûc witĥ
we finally arrive at the total HamiltonianĤ =Ĥ ph +Ĥ EIT +Ĥ ce witĥ
where we consider the two quantized photonic fieldsÊ ↓ andÊ ↑ copropagating along z-direction, neglect the diffraction in x, y directions, and assume the momentum-matching condition k ↑ + q ↑ = k ↓ − q ↓ + k is satisfied. The following analysis of atom-photon collisional dynamics is based on Eqs. (9)-(11).
II. ANALYSIS OF SINGLE-PHOTON SCATTERING
We first consider the scattering dynamics of a single photon. The quantum state for the single control atom and a single photon (or a single spin-wave excitation) can be written as
where |↑ a = |r and |↓ a = |s denote the state of the control atom. The evolution of the wavefunctions in Schrödinger picture can be determined by studying the Heisenberg equations for the field operator The above derivation holds for scatterings in 3D, while in the main text we focus on the scattering in 1D case. For 3D case, the scattering coefficients T (ω) and R(ω) are defined as
where r ⊥ = {x, y} denotes transverse coordinates, and E ↓↑ (r ⊥ , z = 0, ω) = exp[−|r ⊥ | 2 /2w − (ω∆t) 2 /2] 4∆t/c √ π/w denotes the (frequency-domain) wavefunction of a Gaussian input beam with a waist w and a temporal width ∆t.
A. Comparison with the scheme using off-diagonal vdW interactions
In addition to Rydberg dressing, the spin-exchange interaction can also be induced by exploiting off-diagonal vdW interaction between two Rydberg states. As shown in Fig. 1(a) , state |s now denotes another Rydberg state (e.g., |s = |n S 1/2 , J = 1/2, m J = −1/2 of 87 Rb atom). In this configuration, the Hamiltonian describing the interaction between the control atom and ensemble atoms isĤ ce = n U (r n ) [σ rrσ n ss +σ ssσ n rr + λ(σ rsσ n sr + H.c.)] [2] . Near a Förster resonance, λ ≈ 1, which gives a total Hamiltonian of the same form as Eqs. (9)- (11) . In this case, the interaction potential is replaced by U (r) = U 0 /[ z 2 + r 2 ⊥ /d ⊥ ] 6 , where d ⊥ denotes the transverse separation between the control atom and the center of the input beam, and U 0 = C 6 /d 6 ⊥ denotes the maximum interaction strength. Correspondingly, the interaction-induced phase is approximately given by φ ≈ (3π/8)ξ[1 − i(21/32)ξ] × OD c , where the effective optical depth becomes OD c = g 2 p d ⊥ /γc, and ξ = U 0 /γ EIT also determines the scattering property. From the perspective of experimental realization, the scheme using off-diagonal vdW interaction is simpler than the dressing scheme discussed in the main text, as it only requires two control beams. Furthermore, since the direct off-diagonal vdW interaction is stronger than the dressing induced interaction, the separation d ⊥ can be made larger in this scheme, which reduces the crosstalk between the control atom and ensemble atoms [to be discussed in Sec. IV]. However, the performance of this scheme is found to be not as good as the dressing scheme.
First, the off-diagonal vdW interaction is relatively sensitive to the variation of the transverse separation ∆r ⊥ = r ⊥ − d ⊥ between the control atom and the input photon [ Fig. 1(b) ]. This will distort the transverse profile of the photonic wavefunction and result in a reduced fidelity compared with the prediction of the 1D model [ Fig. 1(d) ]. In contrast, the plateau of the dressed interaction potential makes it highly insensitive to the variation ∆r ⊥ [Fig. 1(c) ], and can keep the transverse mode profile of the transmitted photon unaltered [ Fig. 1(e) ].
Second, in this scheme, the strong interaction between Rydberg atoms in state |s will induce a strong dissipative nonlinearity between input photons themselves for multi-photon scattering, which increases the nonlinear loss of the system. For the dressing scheme, such an unwanted direct interaction between input photons is suppressed by a factor of (Ω/∆) 2 compared with the interaction strength between the control atom and the input photon. 
B. Long-distance entanglement with single-photon scatterings
As discussed above, the spin-exchange collision between the control atom in state |↑ a and a single input photon in modeâ
conditioned on the survival of the input photon, with a success probability p = |T | 2 + |R| 2 . We now discuss the implementation of the quantum repeater protocol using our system. First, we describe how to create elementary entanglement. As shown in Fig. 2(a) , two independent spin-exchange collisions at node A and node B will produce a product state |ψ a ⊗ |ψ b . The output photons from node A and node B are then combined at a beam splitter (BS), which transforms optical modes asâ µ → (â µ + e iϕb µ )/ √ 2 and b µ → (b µ − e −iϕâ µ )/ √ 2 with µ =↑, ↓, and yields an output state
where |Φ ± = (| ↑ a | ↓ b ± | ↓ a | ↑ b )/ √ 2 denotes the Bell states of atoms, |ψ dis represents the state where output photons carry the same spins and will be discarded after postselection. With additional polarization beam splitters (PBS), we can detect photons in different modes, e.g., D 1 , D 2 , D 3 , D 4 for registering photons in modeb ↓ ,b ↑ ,â ↓ ,â ↑ respectively. The click of detectors {D 1 , D 2 } or {D 3 , D 4 } then heralds the generation of maximally entangled state |Φ + , while the click of {D 1 , D 4 } or {D 2 , D 3 } heralds the Bell state |Φ − .
Once the elementary entanglement is established, we can proceed to extend it to longer distance via entanglement connections. Suppose that we have two entangled pairs |Φ + ab and |Φ + cd distributed at {A, B} and {C, D}, respectively. Then, we inject a spin-down single-photonb † ↓ |0 interacting with the atom at node B and measure the spin state of the atom. Conditioned on the survival of the input photon and the measurement result |↓ b , we can swap the atom-atom entanglement for the atom-photon entanglement, i.e., creating an entangled state
with a success probability (1 + |R| 2 )/2. Similarly, we can exchange the state of the atom at node C with a single photon probabilistically, and transform the atom entangled pair |Φ + cd into the atom-photon entangled state |φ dc . Then, by using the same linear optics setup described previously [see Fig. 2(b) ], we can herald that atoms at nodes A and D are entangled in Bell basis |Φ + cd or |Φ − cd , depending on the outcomes of the photon detections.
There are several advantages of our scheme compared with the popular DLCZ protocol [3] . First, the entanglement here is encoded in atomic spin basis rather than in the Fock space, such that photon-number resolved detectors are not required [4] . Second, the entangled state produced here is independent of the phase ϕ. Such an interferometric phase is always unstable over long communication time scales, and can severely limit the performance of quantum repeaters based on single photon detections [5] . Further, the quantum information at each node is encoded in the internal state of a single atom, which is much easier to manipulate and to detect compared with an atomic ensemble, and does not require the quantum storage and retrieval.
The above scheme remains workable in the presence of photon loss and imperfect detection efficiency. For a more realistic consideration, dark counts of photon detectors and decoherence of atomic state will reduce the fidelity of the final Bell state, which can be further optimized by using error-correction procedures [4] .
III. ANALYSIS OF MULTI-PHOTON SCATTERING
We consider the multi-photon scattering in the coherent regime (ξ 1 and |T | 2 + |R| 2 ≈ 1). As verified in the main text, the dynamics in this case can be described by a Hermitian Hamiltonian
The symmetry of this Hamiltonian and the low-photon-density assumption allows us to obtain an analytical form of the output state |ψ , as given by Eq. (6) in the main text. To analyze such a many-body entangled state, we trace out remaining photons in modeÊ ↓ to obtain a reduced density matrixρ = dxdyρ(x, y)Ê † ↑ (x)|0 0|Ê ↑ (y) for the single photon in modeÊ ↑ , where the matrix element ρ(x, y) is determined by
The density matrix element ρ(x, y) for the n-photon Fock input state is given in the main text. For a coherent input state e −|α| 2 /2 n (α n / √ n!)|n , we find ρ(x, y)
when x > y andρ(x, y) =ρ * (y, x) for x ≤ y. The efficiency and the purity for the extracted single photon are respectively given by η = tr[ρ] = 1 − e −|α| 2 (1−|T | 2 ) and
To verify the analytical results, we perform numerical calculations for the n = 2 Fock input state. The output state
can be obtained by solving equations of motion for DSP wavefunctions derived from Eq. (23),
together with the boundary condition (α, λ, µ =↑, ↓)
The accuracy of the approximate analytical solution depends on the effective number of photons n eff = nR c /v ↓ ∆t that can be simultaneously interacting with the control atom. As shown in Figs. 3(a) and 3(b), as n eff becomes smaller to validate the low-photon-density assumption n eff 1, the analytical predictions for purities and efficiencies show better agreement with the numerical results. In the main text, we take n eff = 0.1, with which the density matrix ρ(x, y) can be well described by the analytical solution [ Fig. 3(c) ]. For a large n eff , the analytical solution is not as accurate, but can still provide a qualitative prediction of the output state as verified by Fig. 3 . 
IV. EXPERIMENTAL CONSIDERATIONS
There are several aspects that need to be carefully considered for the experimental realization of our scheme. First, the validity of the 1D treatment requires the effective range R c of the potential to be larger than the waist and smaller than the Rayleigh range of the input beam, i.e., w < R c < πw 2 /λ 0 . In Fig. 2(b) of the main text, we take w = 2 µm, R c = 12 µm, and λ 0 = 0.78 µm, which satisfies the above condition. It is worth pointing out that the deviation from this condition will not influence the mode profile of the output photon in the dissipative interacting regime at large OD c , as the entangled dark state does not depend on the detail of the interaction potential.
Second, the tail of the EIT pumping beams Ω ↑ and Ω ↓ can influence the control atom. To suppress such crosstalks, the waists of these pumping beams need to be smaller than the distance d ⊥ between the control atom and the center of the atomic ensemble. The crosstalks can be minimized by using different species of atoms for the control one and the ensemble one, where the dressing fields Ω for these two species of atoms also need to be different.
Third, the finite dressing parameter (Ω/∆) puts a limitation on the maximum photon number n max ≈ (∆/Ω) 2 . For a typical dressing parameter Ω/∆ = 0.1, the input photon number should be smaller than 100, otherwise there would on average be one photon whose spin is directly flipped without interacting with the control atom.
Finally, we discuss the necessary condition for neglecting the decay of the Rydberg state. First, the time duration for a photon inside the medium should be much smaller than the inverse decay rate 1/γ s of the Rydberg collective excitation in the atomic ensemble. Second, the time duration for a photon completely passing through the medium needs to be much smaller than the inverse decay rate 1/γ c of the Rydberg state for the control atom. These requirements lead to the conditions (i) 4γ s R c /v ↓ 1; and (ii) γ c (∆t + 4R c /v ↓ ) 1, where ∆t denotes the time duration of the input pulse, and the length of the medium is taken to be L = 4R c . After the interaction, one can transfer the Rydberg excitation of the control atom to another long-lived ground state to preserve its coherence. For realistic decay rates γ s /2π = 0.1 MHz and γ c /2π = 5 kHz in current experimental setups, the parameters used in Fig. 2(c) of the main text give 4γ s R c /v ↓ ≈ 0.66 and γ c (∆t + 4R c /v ↓ ) ≈ 0.06. Although condition (i) is not strictly satisfied for these experimental parameter choices, it only introduces certain extra photon loss, and one can make use of post-selection to explore the underlying physics of the system and some possible applications discussed in Sec. II B.
